Abstract. It is proved that the scattering amplitude A(O', 0, k ) known at a fixed k for all 8 , 0' E S' determines a compactly supported q ( x ) uniquely. A numerical procedure for recovery of the potential is given.
Introduction

Let q(x)EL'(D)
The inverse problem is to find q ( x ) given A ( & , 8 , k ) for all e', 8~ S2 and a fixed k>O. Uniqueness of the solution to this problem was announced in [l] , here a detailed proof is given. Some related results are in [2-61.
Proof
2.1.
The starting point is the known formula
The proof consists of the following steps.
Step 1 
'(D).
Step 2. There exists a solution to (1) of the form 11, = exp(ik8 x)(l + R )
e . e = i , eEc3 (6) 0266-5611/88/030877 + 10 $02.50 @ 1988 IOP Publishing Ltd ~~R~~~=~~,~O as le/+a, e + = i , eEc3
( 7 ) where D , c R 3 is an arbitrary bounded domain.
Step 3. Substitute (6) into (5) and let /e/--, leq+w, o . e = w . w = i , o , w E c 3 , k ( o -e ' ) = p . (8) Then (5) becomes q ( P ) = I exp(ip * x)q(x) dx (9) so that q ( p ) is found. Therefore q ( x ) is recovered.
Step 4. Suppose there are two potentials q,(x), j = 1, 2 with the same scattering amplitude at a fixed k>O. Then q , ( p ) = q ? ( p ) , so that q l = q r . Steps 2 and 3 were discussed in full detail in [l-31. Let us discuss steps 1 and 4.
2.2.
Step 1. Let us prove that the closure of the linear span of the set {u(x, e', k)}VHE.5?
where
Without loss of generality assume that k'$a(l,), that is k' is not an eigenvalue of the Dirichlet operator 1 in D . 
~~q -m~l L 2 ( D )~c e ,
where c is a constant that does not depend on E . Here m is any element of A.
Suppose that there is an y E L'(T) such that quds=0 ve E S .
Let us prove that (11) implies that 7 = 0. Define
where G is the resolvent kernel of 1:
It is known (see [4] , p 46) that A proof of (10) that does not use the assumption k2$a(fo) is given in [3] . Let be the solution to (1) with properties (6), (7) . Let us take a linear combination of u(x, 6 , k ) which approximates V in L 2 ( D ) :
.s
J
Passing to the limit t -0 one obtains that integrals (5) are known. This completes step 1.
Step 4 with the same plE as for VI.
By the construction q1 is of the form (6), (7) with R = R I . We claim that q2 defined
In order to prove this, note that by (26) is also of the form (6), (7) with R = R2 12q2:
The last equation follows from (21) and the definition of q l and q2. It follows from the argument given in [l] that
and f ( L ) :
From (28) and (29) it follows that
Let Q be the (unique) solution to (27) of the form (6), (7) with R = r . Then and both r and Rz solve the same equation
We claim that equation (33) has at most one solution which satisfies the condition (31) with some f E L2(D). In other words one has
The proof of the lemma will be given later. It follows from the lemma that
This means that Q = q2 in R3. Thus, q2 has property (6), (7) with R = R2. This and (24) imply, as in step 3, that q,-q,=o. ( 3 8 ) Thus q1 = q2.
Step 4 is finished provided we prove lemma A.
Proof of lemma A . It follows from (34) that
where a is an arbitrary solution to
It follows from (39) and (35) that
Thus
Fourier transform (42) and (40) to get
It follows from (44) that
where the limit IimA+, h l = hl(Al,) exists and is finite since h l is an entire function of A. This completes the proof of the uniqueness theorem.
Theorem. ZfA (8', 8 , k ) is known for all 8', 8~S * a n d afixed k>O then the real-valued compactly supported q E L2(D) is uniquely determined.
2.3.
Let us give another proof of the uniqueness theorem, a shorter one but less constructive.
Assume that q, E L'(D), q, = 0 outside D , q, are real-valued, j = 1 , 2 , and q, produce the same scattering amplitude A ( 8 ' , 8, k ) for all 8', ~E S ' and for a fixed k>O. We wish to prove that this implies q , = q 2 . [ l , 31 . Therefore (***) implies q=O, i.e. ql(x) = q&). The proof is complete.
Numerical recovery of q(x)
Let us assume without loss of generality that k = 1 and denote A (@', 8):=A(8', 8 , k ) .
Given A ( e ' , e) V8', 8 E S2 one can write explicitly the scattering solution (1)-(3) in the region Qo: = R3\ B,, B,: = {x: 1x1 6 a}: 
Since the set {u}V8 E S' of the scattering solutions is complete in Nn,(l) in L'(D,) (and in H 1 ( D l ) )
where DlcR' is an arbitrary compact domain [3] , the knowledge of the set { U , u,}V8 E S' implies the knowledge of the set {w, wN}ISRVw E This knowledge allows one to recover q(x) uniquely [ti, 31. Thus we have given the third proof of the theorem. Our goal, however, is to give a constructive method for finding q(x) given
A ( W , e).
To achieve this goal let us note that from (20), (6) and (7) it follows that
Here p E R3 is an arbitrary vector, q ( p ) :
=p,(a, 0) is the signed measure with the property where DlcR' is an arbitrary compact domain, and ~( x , 8 ) is defined in (6), (7) . The existence of such a solution to equation (1) is proved in [ l ] for q E L"(D) and in [ 2 ] for q E L'(D). In (49) one can use the dpi(u) which is of the form dp, = h,(a) d u , where h,(a) E L2(S2), da is the element of the area of S'. Another possibility is to use where d(a -a,) are the delta functions, c, = constant, U, E S', and the set {U,} is dense in S'.
In order to use formula (49) for computations one needs a method for computing dpt with the property (50). Let us give such a method.
In what follows we take dpE= hE(a) d a , h,(a) E L2(S2). Consider the variation problem
Since infJ,: = m, 2 0 , there exists a minimising sequence hF, 6 where c is an absolute constant that does not depend on E or 8. Note that h,(a) depends on 8. (50) with dp,= h,(u) du.
Lemma B. The constructed sequence h,(u) satisfies
Proof. Equation (50) is equivalent to
~~R -r ,~l L~~D ,~-+ O as E-+O (57)
where r,:
Therefore it is sufficient to prove (57).
Inequality (56) can be written as Select a subsequence rz,, that is weakly convergent in Lt,,(Q,,) as E-0, which we denote again r,. Note that equation (1) with k = 1 implies that
We will apply to r, the known elliptic estimate Pass to the limit &-+U in (58) (using Fatou's lemma) to get where the norm is defined in (54). To complete the proof it is sufficient to show that r,,=R. Indeed, this would give (57) (which is equivalent to (50)) for the chosen subsequence, but since the limit of any subsequence is the same, namely R , this also gives convergence of the whole sequence re in H i c and in the norm (52).
In order to prove that r(,= R note that R satisfies equation (61). Define p: = R -rll.
Then
Lp=qp inR3, l l p l~<~.
(63)
We claim that (63) implies p = 0 . This is proved in lemma C below. The proof of lemma B is complete. The suggested numerical method is not easy to implement. But there cannot be a numerical method for solving the inverse problem (IP) of finding q(x) given A ( W , 6 ) that would be easy to implement. The reason is that this inverse problem is highly illposed since any small perturbation of A(O', 8 ) may lead to a function that is not a scattering amplitude. Since there were no numerical methods for solving IP which would be theoretically justified it is interesting to do numerical experiments with the method suggested and theoretically justified in this paper.
A necessary and sufficient condition for a gi\.en function A(O', e), O f , OES' to be the scattering amplitude corresponding to a compactly supported real-valued q(x) E L'(D) is given in [3] .
